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Mathematical model is proposed of an agitated batch crystallizer and the effect of the form of 
cooling on size distribution of product crystals is evaluated on a digital computer. Studied forms 
of cooling were: cooling without a control, controlled cooling with linear temperature decrease, 
and temperature decrease with the third and fourth powers of time - both latter mentioned cases 
resulted from the theoretical solution of a batch crystallizer. It was determined that the time depen
dence of supersaturation and, consequently, the size distribution of product crystals as well 
depended to a great extent on the mode of cooling of the batch crystallizer. For cooling corres
ponding to theoretical relations, an expressive dependence on the initial supersaturation of the 
solution has been found. 

Very few papers have been dedicated so far to the study of size distribution of 
crystals produced in a batch crystallizer. 

Review of theoretical relations1 as well as an analysis of experimental data2 have 
been published. One of the most important limitation of the general validity of the 
obtained relations is the assumption of constant supersaturation within the controlled 
crystallization operation. Reliable information on the actual time dependence of 
supersaturation are not yet available due to difficulties with the experimental mea
surement of small supersaturations during crystallization. Here, an effort is made to 
obtain clear ideas on time dependences of supersaturation at various modes of 
cooling of a batch crystallizer and on how this dependence will affect some of directly' 
measurable quantities, e.g. the size distribution of crystals produced. 

For formulation of the mathematical model of a mixed batch crystallizer, dif
ferential equations are being applied for the kinetics of individual operations, i.e. 
nucleation and crystal growth 

(1) 

(2) 

The material balance of supersaturation will thus have the form 
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(3) 

where all quantities are related to a unit amount of suspension. With regard to the 
definition of concentration ( w = kg of crystallizing substance/kg of free solvent), the 
unit amount of suspension or solution is the amount containing 1 kg of free solvent. 

Surface area of crystals can be calculated from their number and size, both these 
quantities being functions of time and supersaturation: 

(4) 

where the limit of integration tN represents the time in which nucleation of cor
responding crystals took place. Solution of this Eq. or of its com,bination with the 
initial relation (3) must be made iteratively, similarly as for the continuous crystal
lizer3. Calculation procedure is explained in the appendix. 

For calculation of basical dependences on the computer Tesla 200, calculations of 
the crystallization operation were made for various modes of cooling with the system 
constants valid approximately for non-seeded aqueous solutions of ammonium 
sulphate: n = 4·9; kNo = 1·106

, g = 1·0; kGo = 0·12; EG =EN= 0; m 0 = 0; 
L0 = 1·10- 4 m; LN = 1·2. 10- 4 m;· IY. = 1; f3 = 6; w0 = 2·83; Ew = 776·2; Qc = 
= 1770 kgfm3

. For tuning of the programme 12 seconds were chosen as the satisfying 
length of the time interval so that to a two-hour programme corresponds te = 600, 
four-hour te = 1200 etc; kinetic constants kGo and kNo were also adapted to this 
time unit. For initial and final crystallization temperatures were chosen T0 = 60°C, 
Te = 45°C. Value of the constant characterizing mass transfer at non-controlled 
cooling was chosen K = 1·11. 10- 3 or 0·556. 10- 3, temperature of the cooling 
water was Tw = 25°C. Survey of computerized examples is presented in Table I. 

RESULTS AND DISCUSSION 

In all thirteen experiments the time dependences of supersaturation and the granulo
metric product composition (differential and cumulative curves) were calculated. 
Results of calculations are plotted in Figs 1 to 12 with the curves numbered in the 
same manner as data in Table I. 

In Figs 1 and 2 the time dependence of supersaturation for experiments with the 
comparable time of cooling and for different modes of cooling is plotted. From these 
two Figs it is obvious that the non-controlled or linear cooling gives very similar 
dependence of supersaturation with a significant maximum corresponding to the 
boundary of the metastable region soon after the experiment has been started. Thus, 
as the result sudden nucleation might be expected at the beginning of the operation 
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with its slower rate in the next stages so that a very fine product with a greater slope 
of the distributing curve should result. The effect of cooling rate for linear cooling 
is clearly represented in Fig. 3: The greater is the cooling rate, the faster is reached 
the boundary of the metastable region, corresponding to higher supersaturations, 
which fully corresponds to the results obtained earlier4

• 

FIG. 1 

Dependence of Supersaturation on Time for 
Different Modes of Cooling and Total Time 
of Experiment 1 h 

Dashed curve is that from Exp. 2 in which 
the total time of experiment exceeds 3 h. 
The curves are numbered in the same manner 
as data in Table I. 
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FIG. 3 

Dependence of Supersaturation on Time for 
Linear Cooling at Different Rates: 3 15 K/h; 
4 7·5 K j h; 14 75 K/ h 

FIG. 2 

Dependence of Supersaturation on Time for 
Different Modes of Cooling and Total Time 
of Experiment 2 h 

FIG. 4 

Differential Granulometric Product Com
position for the Experiments Given in Fig. 1 
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TABLE I 

Initial Parameters of the Model Experiments 

Parameter 

X 
K 

0 
1·11. 10 - 3 

505 
0 

2 

0 
5·56 . 10- 4 

1 007 
0 

Nyvlt: 

4 5 

3 3 
0 0 0 0 

300 600 300 600 
0 0 

Unlike in those experiments where cooling has been performed according to the 
theoretical relation a very slow increase in supersaturation takes place at the initial 
zero supersaturation up to the distinctly lower maximum appearing in about the 
second third of the experiment. Supersaturation then decreases and remains at an 
approximately constant .value (higher than the corresponding value for non
controlled or linear cooling). As the maximum is smaller and the area under the 
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Fro. 5 

Differential Granulometric Product Compo
sition for Experiments Given in Fig. 2 

Fro. 6 

Cumulative Sieve Spectra of Products from 
Figs 1 and 2 

For Exp 2, 3, 5, 7 holds the lower scale, 
for 1, 4, 6, 8 the upper one. 

Collection Czechos lov. Chern. Com mun. [Vol. 391 (1974) 



Size Distribution of Crystals Produced in Batch Crystallizer 3467 

TABLE I 

(Continued) 

curve is larger, a smaller number of originating crystals can be expected which means 
a greater mean crystal size. 

The differential sieve analyses of products are given in Figs 4 and 5 again for 
comparable cooling times and various types of cooling curves. The curves are slightly 
asymmetric and according to expectations the position of maxima corresponding to 
the mean crystal size is increasing from the non-controlled cooling to that programmed 
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FIG. 7 

Curves from Fig. 6 in Coordinates Corres
ponding to the Linearization at Constant 
Nucleation Rate 
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FIG. 8 

Linearization of Sieve Spectra from Experi
ments with Non-Controlled and Constant 
Cooling Rate 
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in accordance with the theoretical relations. For higher cooling rates smaller crystals 
were obtained as expected. 

Cumulative distribution curves of crystal sizes are in an analogical manner plotted 
in Fig. 6. 

In one of the previously published papers 2 the granulometric product composition 
obtained from a batch crystallizer has been linearized at the assumption of constant 
supersaturation according to the relation 

(5) 

The curves in Fig. 7 are plotted in coordinates corresponding to this linearization. 
The curvatures in regions of fine and coarse fractions clearly indicate the deviations 
from the made assumption on constant supersaturation. These deviations are quite 
expectable for cases of the non-controlled or linear cooling where, on the contrary, 
a linear dependence characteristic for batch crystallization, where supersaturation 
decreases exponentially could be expected 2 according to the relation 

M(L}= 100(1 + z + z2 /2 + z3/6)exp( - z), (6) 

where z is the dimensionless crystal size. Nevertheless the curves based on experiments 
1-4 plotted in Fig. 8 prove that neither in these cases the decrease in supersaturation 
is exponential. In this case the exponential decrease in the supersaturation rate is com
bined here with the increase of the surface area of crystals and thus linearization ac
cording to relation (5) is more successful. 

FIG. 9 

Effect of Initial Supersaturation on Time 
Dependence of Supersaturation in Batch 
Crystallization 

~,-------,-------,------,----, 

M'(L) 

FIG. 10 

Effect of Initial Supersaturation on Differen
tial Sieve Spectra of Product 
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The deviations from the theoretical assumption found in experiments with X = 4 
(and similarly with X = 3) can be explained by the assumption made on constant 
supersaturation where the corresponding experiments were made with the initial 
supersaturation equal to zero. In this way the defficiency of surface area of crystals 
in the initial stage of crystallization was responsible for the increase in supersaturation, 
about in the middle of the experiment, up to such value when increased nucleation 
rate compensated the mentioned defficiency of surface area. Of course a greater 
number of crystals has been formed and the new supersaturation reached at the end 
of the experiment is lower than the theoretical value would be. However the theoretical 
value is not known and its direct determination from Eqs (3) and ( 4) is practically 
impossible. 

Therefore the calculation of a set of experiments 8 to 13 has been made with the 
increasing value of initial supersaturation from 0 up to 5 . 10- 3

. The results are very 
interesting and they demonstrate a pronounced effect of initial supersaturation which 
could not have been expected in advance. In Fig. 9 the time dependence of super
saturation for this set of experiments is plotted. 

It is obvious that in the experiments with initial supersaturation lower than the 
theoretical steady value (Exp. 8, 9), supersaturation initially increases slightly and 
later faster up to the maximum at the beginning of the second half of the experiment, 
then it relatively fastly decreases down to a constant value of about ilw = 1. 10- 3

. 

On the contrary, in the experiments with initial supersaturation higher than the 
theoretical value (Exp. 11 to 13) a relatively fast decrease in supersaturation takes 
place which is reaching the minimum value which is the lower and reached the faster, 
the higher is the initial supersaturation, and then it slowly increases. The rate of this 

FIG. 11 
Effect of Initial Supersaturation on the Shape 
of Cumulative Curve of Granulometric Pro
duct Composition 

FIG. 12 

Effect of Initial Supersaturation on Shape 
of Linearized Sieve Spectra 
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increase is the slower the higher is the initial supersaturation, which is the logical 
result based on the number and the corresponding surface area of crystals. In the 
Exp. 10 the value of the constant steady supersaturation was fixed with sufficient 
accuracy (the theoretical value is expected to be even slightly higher) and the super
saturation is - as anticipated - .in the whole experiment about constant with in
significant maximum in the second half of the experiment. 

The different character of the time dependence of supersaturation must of course 
affect the granulometric product composition (Figs 10-12). The granulometric 
product compositions with initial supersaturation lower than is the theoretical value 
are about symmetrically distributed in respect to the size most frequently present, 
the maximum is moving with increasing supersaturation slightly toward larger 
crystal sizes. At the supersaturation close to the theoretical value (curve 10) the 
character of granulometric composition changes significantly: the curve has two 
peaks and it seems that nucleation took place at about a constant rate during the 
whole experiment (this is most obvious in Fig. 11). At initial supersaturations higher 
than the theoretical value the two-peak character again disappears, the curve is 
assymetric, with a relatively large slope, fo r the product in Exp. 11 with an insignificant 
portion of small crystals down to sizes of nuclei. 

The position of maximum moves with increasing initial supersaturation backward to 
smaller crystal sizes. It is interesting that more uniform composition of products has 
been obtained with larger initial supersaturations. Explanation can be found in 
nucleation taking place mainly at the beginning of the operation while during the 
operation the crystal growth mostly took place. 

CONCLUSIONS 

The applied mathematical model described in an adequate manner the behaviour of 
a batch crystallizer and thus enabled to study sensitively the effect of individual factors 
on batch crystallization. The results , of the model calculation based on the data of 
the system ammonium sulphate-water without seeding have demonstrated that - as 
anticipated - non"controlled and linear cooling resulted in a considerable nucleation 
at the beginning of the operation, with supersaturation then decreasing to a very 
low value and products in both these cases consisted of fine particles. The programmed 
cooling according to the theoretical curves results in a visible improvement of the 
product. In number of cases supersaturation is reaching its maximum in the second 
half of the experiment and it steadies at a given value highe1' than for the noncontrolled 
cooling at the end. A comiderable dependence on the initial supersaturation has been 
found. The optimum results can be obtained when the value of the initial supersatura
tion is fixed slightly higher than the initial supersaturation corresponding to steady 
value under the given conditions. The determination and operation of an industrial 
crystallizer at this steady value will be very difficult. Nevertheless to obtain a high 
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quality product it is not unconditionally necessary to keep the inital supersaturation 
at an accurate value but it suffices to approach it as closely as possible. 

The author wishes to thank Dr Z. KNvsky and Mrs E. Langovafor carrying out the computations. 

APPENDIX 

Procedure for Solving the Model of a Batch Crystalliser 

After reading the inlet data, the initial surface area and the number of seeded crystals are computed 

(AI) 

(A2) 

In the next step it is necessary to specify the mode of cooling. For non-controlled cooling the cool
ing curve is approximated4 by the relation 

(A3) 

and for controlled cooling the cooling curve can be expressed by equation1
•
2 

(A4) 

where the value of the exponent X can be X = 1 for linear cooling, X= 3 for approximation 
of cooling of a seeded crystallizer without nucleation and X = 4 for an approximation of the 
cooling curve of a non-seeded crystallizer with nucleation. 

By use of the so determined temperature, the values of kinetic constants of growth and nuclea
tion and also the equilibrium solubility are calculated 

kG = kGo exp (-EG / R (T+ 273)), (A5) 

(A6) 

weq = w0 exp ( -Ew/R (T + 273)). (A7) 

The supersaturation rate is defined as the change in solubility per unit of time 

S = Weq(t-1)- Weqt (A8) 

so that the actual supersaturation in time is 

(A9) 

where the change in supersaturation in the given time unit can be calculated from the basical 

Eq. (3) 

(AJO) 
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If the length of the time interval is chosen inappropriately (the step is too long) an instability 
of the solution can be met with values starting to oscillate with a growing a mplitude till some of 
them reaches negative values in which case the computation must be stopped. If the supersaturation 
value is realistic the number of newly formed crystals is calculated from 

(All) 

and the linear crystallization rate from 

(A12) 

corresponding to the given value of supersaturation. All the crystals present in the suspension 
will now grow on by the value L 

Lot = Lo,t-1 + i, 

Lit= Li ,t - 1 + i • 

and in the corresponding manner also the mass of individual fractions is rising as well 

Surface area of crystals is then 

mot = N0rxQcL~t , 

mit= Ni rxQcLft, 

A = Pmo f(rxQcLo) + L PNiLf . 
i 

(Al3) 

(Al4) 

(Al5) 

As long as the time and temperature have not exceeded the required final temperature, the calcu
lation is returned back to the calculation of temperature according to Eq. (AJ) or (A4) and cal
culation is repeated for another time unit. After reaching the final values the product crystals must 
be separated into the chosen number of fractions j e.g. according to the relations of the type 

!J.L = (Lote- LN)jj • (Al6) 

LN + k !J.L ~ L < LN + (k- I) !J.L; k E ( O,j), 

and masses of individual fractions as well as their total masses must be summed. Finally the dif
ferential and cumulative granulometric product compositions are computed 

M '(L} = IOOmi /L mi, 
j 

j 

M(Li) = l::M'(L}. 
j=O 

(A17) 

(AlB) 
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LIST OF SYMBOLS 

surface area of crystals (m2 j kg0 ; kg0 represents 1 kg of free solvent) 
surface area of crystals seeded (m2 j kg0 ) 

activatio;l energy of nuclea tion (kcal;'kmol) 
activation energy of crystal growth (kcalj kmol) 

3473 

parameter of energy characterizing the temperature dependence of solubility 
(kcalj kmol) 

g 

kN 
kc 
kNo 
kco 
K 
L 
Lo 
LN 
Lmax 

L 
M(L) 
M '(L) 
!:im 

1~10 

~~G 
mN 

~' 'eq 

X 

p 

order of kinetic equation of growth 
rate constant of nucleation (kg()- 1 kg1 - n s - 1) 

rate constant of growth (kg 1 - g m- 2 s - 1 kg5) 
constant in Eq. (A6) (kg0- 1kg1

-n s- 1) 

constant in Eq. (A5) (kg1 - g m- 2 s - 1 kg5) 
constant characterizing heat transfer 
crystal size (m) 
size of seeded crystals (m) 
size of crystal nuclei (m) 
size of largest crystals in the product (m) 
linear crystallization rate (mjs) 
cumulative granulometric distribution (oversize fraction) 
differential granulometric distribution (%) 
mass of crystals formed in a batch (kgjkg0 ) 

mass of crystals seeded (kgj kg0 ) 

mass rate of crystal growth (kg kg() 1 s- 1
) 

mass rate of nucleation (kg kg() 1 s - 1
) 

order of kinetic equation of nucleation 
number of crystals seeded (kg( 1 ) 

numerical nucleation rate (kg() 1 s - 1
) 

gas constant (kcalj kmol K) 
supersaturation rate (kg kg() 1 s- 1

) 

number of time intervals 
temperature CC) 
initial temperature ("C) 
final temperature (0 C) 
temperature of cooling water ("C) 
cooling rate (Kjs) 
concentration (kgjkg0 ) 

constant in Eq. (A7) (kgj kg0) 

supersaturation (kgjkg0 ) 

solubility (kg/kg0) 

exponent in equation of the cooling curve (A4) 

dimensionless crystal size 
volume shape factor 
surface area shape factor 
density of crystals (kgjm3

) 
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Subscripts 

crystals formed in time i 
class of crystal sizes 
value in timet 
final value 
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